
10 | Urysohn Lemma

10.1 Urysohn Lemma. Let X be a normal space and let A,B ⊆ X be closed sets such that A∩B = ∅.
There exists a continuous function f : X → [0, 1] such that A ⊆ f−1({0}) and B ⊆ f−1({1}).
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10.2 Lemma. Let X be a topological space. Assume that for each r ∈ [0, 1] ∩Q we are given an open
set Vr ⊆ X such that V r ⊆ Vr′ if r < r′. There exists a continuous function f : X → [0, 1] such that if
x ∈ V0 then f (x) = 0 and if x 6∈ V1 then f (x) = 1.
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10.3 Lemma. Let X be a normal space, let A ⊆ X be a closed set and let U ⊆ X be an open set such
that A ⊆ U . There exists an open set V such that A ⊆ V and V ⊆ U .

Proof. Exercise.
Proof of Urysohn Lemma 10.1. We will show that for each r ∈ [0, 1] ∩ Q there exists an open set
Vr ⊆ X such that1) A ⊆ V02) B ⊆ X r V13) if r < r′ then V r ⊆ Vr′ .
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10.4 Definition. A topological space X satisfies the axiom T31/2 if X satisfies T1 and if for each point
x ∈ X and each closed set A ⊆ X such that x 6∈ A there exists a continuous function f : X → [0, 1]such that f (x) = 1 and f |A = 0.A space that satisfies the axiom T31/2 is called a completely regular space or a Tychonoff space.
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R with the Zariski topologyExample 9.11metrizable spaces
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